We establish new operational formulae of Burchnall type for the complex disk polynomials (generalized Zernike polynomials). We then use them to derive some interesting identities involving these polynomials. In particular, we establish recurrence relations with respect to the argument and the integer indices, as well as Nielsen identities and Runge addition formula. In addition, various new generating functions for these disk polynomials are proved.
Introduction
Operational formulae of Burchnall type are powerful tools in the theory of orthogonal polynomials. [1] [2] [3] [4] [5] They have been used to obtain new identities or to give simpler proofs of well-known ones. In [3] , Burchnall employed the operational formula
to prove, in a direct and simple way, the Nielsen identity [6] as well as the Runge addition formula [7] for the classical Hermite polynomials H m (x). Since then, many extensions to specific polynomials in one real variable have been obtained. [4, [8] [9] [10] [11] For example, in [12] , R.P. Singh has developed an operational relation for the Jacobi polynomials P (α,β) n (x) which was used to derive some useful properties such as the quadratic recurrence formula In the present paper, we develop some new operational formulae for the complex analogue of the Jacobi polynomials, the disk polynomials in the two conjugate complex variables z,z in the complex unit disk D ⊂ C. We define them here as Notice that the normalization adopted here differs from the one adopted for the disk polynomials considered by Wünsche [13] and denoted P γ m,n (z,z) or by Dunkl [14, 15] and denoted R These polynomials are often referred to as generalized Zernike polynomials as they are related to the real Zernike polynomials R ν k (x), introduced in [16] and used in the study of diffraction problems, by the relation An accurate analysis of the basic properties of Z γ m,n (z,z), like recurrence relations with respect to the indices m and n, differential equations they might obey, some generating functions and so on, have been developed in various papers from different point of views. See [17, 18] by Koornwinder for a very nice account on these polynomials and [13] for an elegant reintroduction of them. The interested reader can refer also to the recent works. [19] [20] [21] [22] [23] We mention that the disk polynomials appear quite frequently when investigating spectral properties of some special differential operators of Laplacian type acting on
; dλ being the Lebesgue measure (see Section 2). They form a complete orthogonal system (basis) over the Hilbert space L 2,γ (D) when γ > −1. Even though these polynomials have been known for a long time, little attention has been paid to the operational formulae of Burchnall type in the literature. Our main objective here is to develop some of these formulae that we will apply in order to obtain some new remarkably interesting identities, including Nielsen identities. We establish also a Runge addition formula involving the disk polynomials. These operational representations are very convenient for obtaining new generating functions which may suggest new applications in physics and combinatorics.
The various results presented in this paper for Z γ m,n (z,z) are motivated essentially by those that are obtained in [24] [25] [26] for the complex Hermite polynomials 2) except that the computations with the disk polynomials are rather difficult. The remainder of the paper is organized as follows. In Section 2, we review the factorization method, due to Schrödinger, for the magnetic Laplacian on the unit disk (viewed as a hyperbolic space) and recall some properties of the suggested disk polynomials Z γ m,n (z,z). We point out their dependance on the hyperbolic geometry of the disk as well as the physical meaning of the parameter γ . In Section 3, we give operational formulae of Burchnall type involving these complex disk polynomials. Some of their applications are discussed in the next sections. Indeed, Section 4 deals with recurrence quadratic formulae (called Nielsen identities). In Section 5, we establish new three-term recurrence formulae with respect to the indices m, n and the continuous parameter γ . Section 6 is devoted to the Runge addition formula. In Sections 7 and 8, new generating functions and summation formulae are obtained.
Generation of the complex disk polynomials
In this section, we review the algebraic method used to generate the disk polynomials, starting from a special magnetic Laplacian L ν on the complex unit disk
, where dλ(z) = dx dy denotes the Lebesgue measure. It is given by
where the first-order differential operator ∇ α and its formal adjoint ∇ * α are given by
The twisted Laplacian L ν is an elliptic self-adjoint second-order differential operator whose explicit spectral theory is well-known in the literature. [27, 28] In particular, its discrete L 2 -spectrum is non-trivial if and only if ν > 1 2 . In such case, it is known to be given by the eigenvalues λ ν,m := ν(2m + 1) − m(m + 1) for m being a positive integer such that 0 ≤ m < ν − 1 2 . On the other hand, we know since Schrödinger that the factorization method allows one to construct L 2 -eigenfunctions (see [27, 29, 30] ). Indeed, our Laplacian L ν satisfies the following algebraic relation
This implies that the intertwine operator ∇ ν−1 generates eigenfunctions of L ν from those of L ν−1 . Doing so we perform and 0 ≤ m < ν − 1 2 , and varying n = 0, 1, 2, . . ., we consider 
This suggests the following class of polynomials in the two variables z andz:
where γ = 2(ν − m) − 1. More explicitly we have [20] :
where m ∧ n = min{m, n} and P (α,β) k (x) denotes the real Jacobi Polynomials. In addition, it can be realized in terms of the following differential operator
Moreover, a simple induction yields 
According to (2.5) and Proposition 2.1, we have
which gives rise to the Rodrigues' type formula [13, 20] : 
Note for instance that we have
Operational formulae for the disk polynomials
In this section we derive new operational formulae for the disk polynomials similar to those obtained in [25] for the complex Hermite polynomials H p,q (z,z) defined through (1.2). To this end, we need to introduce the following differential operators
where
The main result of this section is the following. 
for every sufficiently differentiable function f.
Remark 1 Similar formulae can be obtained using
Proof We start from (3.1) and we make use of the Leibnitz formula to get
The statement follows from (3.
The proof of (3.6) is quite similar by repeated application of the Leibnitz formula to (3.2) combined with the fact that
To prove (3.7), notice first that we have
By applying twice Proposition 2.1, we get
Finally, (3.7) follows by means of Leibnitz formula and the facts that (−a) 
Proof The identities follow easily from (3.5) and (3.1) with
Remark 2 The identity (3.8) for n = 0 is a special case of the Chu-Vandermonde identity
for every fixed integer m > 0 = n.
The complex Hermite polynomials can be retrieved from disk polynomials Z γ m,n (z,z) by an appropriate limiting process γ → +∞ (see [20] ). The following result gives a direct relationship between H m,n (z,z) and Z 
The right-hand side of (3.5), with f (z)
Thus, the result follows from (3.5) by straightforward computation making use of the Leibnitz rule.
Some applications of the operational formulae obtained above will be discussed in the following sections.
Quadratic recurrence formula
We consider various expressions for the function f that leads to some new and interesting identities. We start with f = z s , then by (3.5), we get
where m ∧ s = min{m, s}. Indeed, this follows from taking into account the fact that
We now derive further identities of Nielsen type for the polynomials Z 
The proof of (4.5) lies essentially on the observation that Z (1) . Next, the operational formula (3.5) infers 
This leads to (4.5) as
Z α 0,s (z,z) = (α + 1) s z s .Z γ m,n (z,z) = m!n! m∧n j=0 (γ + m + n + 1) (γ + j + 1) (−1) j (1 − |z| 2 ) j j!z m−j (m − j)! z n−j (n − j)! .
Remark 4 The explicit expression above of Z
from which we can recover the well-known 2 F 1 formula for the disk polynomials (see [14, p.692] or [15, p.535 
Three-term recurrence relations
The well known three-term recurrence relations for the disk polynomials can be obtained starting from their explicit expression in z andz [13, 14, [17] [18] [19] . The basic one reads in terms of Z γ m,n (z,z)
involving the same argument γ . Below, we establish new recurrence relations for Z γ m,n with respect to the indices m, n and the argument γ .
Theorem 5.1 We have the following recursive relations with different arguments
Proof (5.1) is a special case of (4.1) by taking s = 1. It can also be derived directly from (3.4) by applying again the derivative rule to
The recurrence relation (5.2) is a special case of (4.3) with s = 1. (5.3) follows by linear combinations of (5.1) and (5.2). While (5.4) is an immediate consequence of the well established fact
combined with (4.6) for j = 1 and k = 0. (5.5) is checked by writing
and next applying the derivative rule to the involved product.
Remark 5
The basic three term recurrence relation mentioned in the beginning of this section appears as an immediate consequence of combining (5.1) and (5.3). Moreover, linear combinations of (5.2) and (5.5) give rise to the following
which is equivalent to [13, Equation (6.2)]. 
A Runge's addition formula for disk polynomials
In this section, we prove a Runge's addition formula for the disk polynomials. This formula, when used in its extended form, will help develop a test for the assumption of bivariate normality (see [31] ). 
for every |z| < 1 and |w| < 1 with |z + w| < √ 2, where γ + m is assumed to be a positive integer. Here (
we can write the left-hand side of (6.1) as
Making use of the facts that ∂/∂((z
as well as the binomial formulae, including
4 , the above expression reduces further to
that we can rewrite in terms of Z γ m,n (z,z) to obtain (6.1).
Remark 7
Under the assumption γ + m is a positive integer and by writing down (6.1) for the particular case of z + w = 0, m = n = 0, we get the identity 
Generating functions
In this section, we establish new generating functions involving disk polynomials as well as some of their direct consequences.
Theorem 7.1 We have the following generating functions
for every fixed v ∈ C such that |v| < 1, and
for every fixed u, v ∈ C such that |u| < 1, |v| < 1 and |u| + |v| < 1. The involved series in z converge absolutely and uniformly on compact sets of the unit disc.
Proof Starting from (3.4) and using the fact that the power series
n /n!) converges absolutely and uniformly on compact sets of the unit disk for every fixed |v| < 1, as well as the fact that
Now, from the well known fact that
Therefore, it follows that
The series in z converges absolutely and uniformly on compact sets of the unit disc, for every fixed |u|, |v| < 1 with |u| + |v| < 1, since in this case |uz/(1 − vz)| < 1 and
Moreover, by means of the generating function [32, p.256] namely
Consequently, we have Corollary 7.2 The following summation formulae hold
Proof It is worth observing that (7.2) follows easily from (7.1) by setting v =z and u = z therein and using the well known fact that P
For the same specification, the left-hand side of (7.3) reads as
Whence, (7. 3) follows by making use of the quadratic transformation
(see [33, p.176] or also [34, p.180] ) with 2a = γ + 1 and 2b = γ , combined with the fact that
The last identity (7.4) can be easily checked making use of (7.2).
Remark 8 (7.4) can also be obtained by taking u = (1 − |z| 2 ) and v =z in (7.3) and next making use of the quadratic transformation ([33, Theorem 3.1.1, p.125]) and the fact (7.5).
Further fascinating generating functions, including those involving the product of disk polynomials, may be obtained from their analogs for the Jacobi polynomials. For example, from the Bailey's bilinear generating function for the Jacobi polynomials [35] (see also [36, p.3] ), one deduces the following generating function for the product of disk polynomials with equal arguments and indices but with different variables:
where 
which can be handled by making use of the generating relation ([32, Equation 3, p.276]).
Summation formulae
In addition to the summation formulae in Corollary 7.2 deduced from the above generating functions, we prove in this section further summation formulae for the disk polynomials Z γ m,n (z,z). We begin with the following 
The proof relies on the following
Proposition 8.2 For every fixed positive integers m and r, we have
2 in the operational formula (3.5) yields
The jth derivative of z r e −|z| 2 in the right-hand side of the last equality (8.3) is connected to the complex Hermite polynomials by
On the other hand, by expanding e The following result shows that the monomial z m restricted to the unit disk has an expansion in terms of the polynomials Z k (a − k + 1) k . On the other hand, using the operational formula (3.5), the left-hand side of (8.7) can be rewritten as 8) and so (8.6) follows by equating the right-hand sides of (8.7) and (8.8).
We conclude the paper with the following summation formula involving the Z γ m,n (z,z) and that follows from Theorem 8.3 above. Namely, we assert 
